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ABSTRACT 
 
Fabric has complicated anisotropic mechanical behavior because of its woven 
pattern and complex physical properties. However, most current fabric simulation 
models are not satisfied because they are usually geometrical models with 
stiffness parameters. In this study, we present a modeling technique to simulate 
fabric with Riemann manifold. The proposed nonlinear model is formed with 
ridge-wave-curved surface based on the Riemann zero curvature, and we develop 
a solution to conserve the surface area. It decomposes the m × n matrix 
constituting the fabric into several batches, and processes the fabric dots in 
batches. In our model, the distance between any two adjacent particles of the 
fabric’s is assumed to be equal, and the area of the curved surface is always 
constant, and the inclination and decay of the ridge-wave-curved surface are also 
considered. As the result, the simulated shape is lifelike. In time cost performance, 
the model improves the efficiency of the fabric styling and meets the requirements 
of real-time simulation. 
 
Key words: Ridge-wave-curved surface, nonlinear, Riemann manifold, fabric 
simulation model, zero curvature.  

 
 
INTRODUCTION 
 
Fabric simulation is an important issue in many fields, such 
as textile engineering, computer engineering, computer 
graphics, and etc. The key technologies are widely applied 
in the fields of scientific computing and visualization, 
virtual clothing, video special effects, game entertainment 
and so on. Since the 1980s, the research on fabric modeling 
and simulation can be divided into several categories: 
geometric model, physical model and hybrid model.  

The strength of the geometric model is that the 
simulations’ speed is enhanced, but it only considers the 
appearance effect without the inherent properties of the 
fabric, so the fabric simulation effect is not realistic (Hinds 
et al., 1990, 1991). Physical models can be further 
subdivided into energy models, mechanical models, and 
particle models. The advantage of the physical model is that 
it considers the inherent parameters of the fabric and has a 
strong sense of reality in the simulation (Celniker et al., 
1991; Breen et al., 1994; Provot, 1995; Eischen et al., 1996; 

Howlett et al., 1998). However, the mechanical model needs 
to analyze the force and establish the equation of motion 
point by point, involving a large number of partial 
differential equations, which makes the simulation process 
very time consuming (Terzopoulos et al., 1987; Okabe et al., 
1992; Jakobsen, 2001; da silva et al., 2015). The energy 
model must iterate multiple times to find the minimum 
energy that makes the physical model less real-time (NG 
and Grimsdale, 1996; Eberhardt et al., 1996; Peng et al., 
2005). Although the hybrid model as much as possible 
integrates the advantages of geometry and physical models, 
but the results are still unsatisfactory (Kunil et al., 1990; 
Tsopelas, 1991). 

Hilsmann et al. (2010) proposed a method that uses 
geometrical equations to create visual model of fabric 
without considering fabric’s physical properties. Narain et 
al. (2012) presented a way to simulate the geometric and 
dynamic  details  of  the  fabric  by  dynamically refining and  
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roughening the mesh. Harrison (2012) introduced 
elastically deformable model, the method is dependent on 
the idea of dealing with fabric as a continuous material, and 
one of the energy functions is based on the theory of 
elasticity. Basori et al. (2016) produced an approach to 
simulate the fabric that used a combination of physical and 
geometric methods to get a more complex hybrid 
simulation model. Lu and Jiang (2017) presented a loop 
geometrical model in cloth simulation, it is more realistic 
and material adjustable. To address the edge curing 
problem of knitted fabric, Mozafary et al. (2018) proposed a 
method to simulate drape behavior of fabric, this model has 
improved the mass spring model and created an efficient 
approach of draping simulation for fabrics. To solve the 
simulation problem of contact-mediated interaction 
between cloth and sharp geometric features, Weidner et al. 
(2018) proposed the Euler-Lagrangian (EOL) method to 
simulate the fabric. 

The existing research relies on the simulation of the 
fabric model established in the Euclidean space or the 
improvement of the method. Some improvements have 
been made from the response speed or effect of the 
simulation, but the modeling is still complicated, the 
calculation amount is large and the simulation effect is still 
unsatisfactory. 

The deformed surface of the fabric is curved and 
irregular. The method proposed in this study is based on the 
feature that the Gaussian curvature of the surface is zero 
under Riemann's geometry. The theory of kymatology is 
used to solve the problem of the area of the fabric after the 
ridge-wave-curved surface is generated. The method of the 
static modeling of the fabric is proposed which abandons 
the method of observing and analyzing the fabric point by 
point, but decomposes the m × n matrix of the fabric into 
several batches by establishing some ridges that affect the 
fabric shape. The status of "point group" in each batch is 
driven by the ridges. This method can be used to treat fabric 
particles in batches. Theoretical analysis shows that this 
will greatly improve the efficiency of fabric modeling to 
meet the requirements of real-time simulation. 
 
 

BASIC PRINCIPLE OF CURVATURE 
 

Riemann proposed a non-Euclidean geometry in the 
Riemann sense, which is called "Riemannian geometry" or 
"elliptical geometry". The manifold with metrics used by 
Riemann is also a generalization of two-dimensional 
intrinsic surfaces; the curvature of manifolds defined by 
Riemann is also a generalization of Gaussian curvature (Liu 
and Qu, 2018). 

Since there are countless normal planes passing through 
a point on the surface, there are countless normal 
curvatures. Except for the plane and the sphere, these 
countless normal curvatures are different. The maximum 
and minimum values are called the principal curvature, and 
the product of the two principal curvatures is the Gaussian 

curvature (Xu, 2007; Liu, 2009). In Riemannian geometry, 
Gaussian curvature reflects the degree of curvature of the 
surface. 

Suppose P is a point on the surface :   = ( , )S r r   , the 

normal vector of the surface at this point is n , and suppose 

the principal curvature at point P is 1k , 2k , respectively, 

then their product 1 2k k  is called the Gaussian curvature of 

the surface at this point, usually denoted by: 
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The adjacent structure of a point on the surface is related to 
the Gaussian curvature of the point, and the Gaussian 
curvature can well reflect the shape of the surface. Because 

the  
22 2 2 2( ) 0u v u v u vEG F r r r r r r       , so the 

sign of the Gaussian curvature of the surface is the same as 

the sign of
2LN M . 

(1) If 0k   at point P, then 0LN M  , P is an elliptic 

point.  Assuming 1 2, >0k k , then one of the normal section 

in the main direction is curved toward the positive side of 
the normal vector n . From the Euler's formula 

1 2cos sinnk k k   , the curvature nk  of all the normal 

section is positive, so all normal sections are curved toward 

the positive side of the normal vector n . When  1 2, <0k k , 

all normal sections are curved toward the negative side of 
the normal vector n . In summary, the surface is on the 

same side of the point P adjacent to the tangent plane. 
Therefore, when 0k  , the adjacent shape of the curved 

surface at the elliptic point P approximates the elliptic 
paraboloid, as shown in Figure 1(1). 

(2) If 0k   at point P, then 0LN M  , P is a 

hyperbolic point. Assuming 1 20, >0k k , one of the 

corresponding two normal section is curved toward the 
negative side of n , and the other is curved toward the 

positive side of n . The adjacent shape of the curved surface 

at point P approximates the double-sided paraboloid, as 
shown in Figure 1(2). 

(3) If 0k  at point P, then 0LN M  , P is a parabolic 

point. At least one of 1k , 2k is equal to zero. Assuming 

1 20, =0k k , the normal section of the first main direction  



 
 
 
 

 
 

Figure 1: Classification of manifold surface. 

 
 
is curved toward the positive side of n , and the other 

normal section generally has an inflection point with P. The 
adjacent shape of the curved surface at point P 
approximates the parabolic cylinder, as shown in Figure 
1(3). 

The Gaussian curvature can be kept as zero through the 
change of geometrical bending between the surfaces with 
Gaussian curvature of zero. If a piece of paper is initially 
flat, the Gaussian curvature is clearly zero, bending the 
paper into cylinder, cone, wave form, the Gaussian 
curvature is always zero. 
 
 
ZERO CURVATURE MODELING OF FABRIC 
 
The research object of this study is the fabric without 
elasticity, no strength, freedom and relaxation. In this study, 
the tension and tear caused by the strength of the fabric are 
not taken into account, but only consider the process of 
bending deformation under the free and relaxed condition 
of the initial flat fabric.  

In the process of static shape or motion of the fabric, it 
will produce a slight deviation of the metric even if there is 
force, such as gravity, wind and so on, but the tiny intrinsic 
deformation can be completely ignored in the visual effect 
due to the strong stretch resistance of the fabric. This study 
argues that unless the fabric is subjected to strong action 
and produces typical elastic deformation, it can be 
considered as the result of the initial leveling of the fabric 
through the translational and geometric bending, or the 
production of a cylinder or a cone. The fabric only produces 
the shape change, which shows that the shortest distance 
between any two particles always stay the same length, and 
it is consistent with the shortest distance in the initial flat 
state.  

In four-dimensional space-time, the distance between 
two points is generalized as "interval", and the interval 
should be unchanged in the case of coordinate 
transformation. The "interval" is a kind of geometric reality 
that has nothing to do with the selection of coordinate 
system. The metric rule is a tensor related to the metric of 

the interval in different coordinate systems, it causes the 
coordinate differential element to collide with it and obtain 
the scalar under the generalized coordinate transformation, 
that is, interval (Zhao, 2011). Having determined the tensor, 
the temporal curvature is also determined. As the 
deformation of the fabric in the process of modeling or 
movement is only a shape change without intrinsic 
deformation, and the metric remains unchanged because 
the interval between any two points remains unchanged, so 
the curvature remains unchanged (Zhou et al., 2003).  

The curvature of the fabric is zero in the initial flat state, 
the above also shows the shape of the fabric or the 
movement of the same curvature, so the zero curvature 
modeling is the most important part to solve the modeling 
of fabric zero curvature. 
Ridge-wave surface 
 
The surface with a Gaussian curvature of zero is called the 
cylinder, and the decisive factor on the cylinder shape is the 
ridge, which is composed of the point with the largest 
principal curvature k on the cylinder, red line as shown in 
Figure 1(3). After a ridge is produced, the fabric 
perpendicular to the ridge will move closer to the ridge 
from both sides under the action of the fabric's own shear 
force, but the microstructure is invariable, showing the 
wrinkle of the fabric and the shape resembling a wave. The 
overall shape of fabric is made up of ridge-wave surfaces 
driven by ridges. 

Because the static shape of the fabric is related to the 
position and length of the fabric ridges, and the contact 
position between the fabric and the contact surface, and the 
direction of the force before the fabric balance, etc., these 
factors are mostly random. In this study, the standard 
normal equation is used to describe the ridge cut-wave 
equation of the ridge-wave surface: 
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Where  

 
       (1) elliptic paraboloid       (2) double-sided paraboloid       (3) parabolic cylinder 
 



 
 
 
 
A -the height of the ridge-wave; 
σ - the width of the ridge-wave;  
d - the displacement of the ridge-wave in the X-axis offset 
coordinate origin. 
 
Discrete fabric into m × n grid matrix, the fabric surface 
S∈E3, S is a subset of the Euclidean three-dimensional 
space, with a set of variables on the plane ( ,u v ) to 

establish a one-to-one correspondence. ( ,u v ) represents 

the grid coordinate of the row u and the column v of the 
fabric S, which is the intrinsic coordinate of the fabric. The 
intrinsic coordinate ( ,u v ) of the arbitrary point i  during 

the static modeling or movement of the fabric is constant. 
There is the need to establish the fabric surface s in the 
Euclidean three-dimensional space of a point: 

i i i ir x y z
   

   and its intrinsic coordinates of the mapping 

( , )ir f u v


 . The position of the ridge-wave surface on the 

fabric should be arbitrary, it is determined by the midpoint 

( 0 0,u v ) and the angle  of the ridge. The shape of the 

ridge-wave is determined by the amplitude A and the 
variance in Equation (2).  

The steps to establish the mapping relationship between 
the intrinsic coordinate ( ,u v ) of the fabric and the spatial 

coordinate i i i ir x y z
   

    are as follows: 

 
1) Get the ridge equation determined by the midpoint 

( 0 0,u v )of the ridge and the ridge angle  : 

 

0 0y ,kx ku v k tg                                       (3) 

 
Where  
k - the slope between two points; 

( 0 0,u v ) - the midpoint coordinate of the ridge. 

 
2) Get the distance from the point ( ,u v ) on the fabric to 

the ridge: 
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Where 
( ,u v ) - the grid coordinate of the row u and the column v 

of the fabric S; 

( 0 0,u v ) - the midpoint coordinate of the ridge; 

k - the slope between two points. 
 
3) Get the mapping relationship between the Euclidean 

three-dimensional space of a point and its intrinsic 

coordinates ( , )ir f u v


 .
 

The projection on the z-plane of the ridge-wave surface 

generated by the point ( ,u v )on the fabric is ( , )x y , xd is 

the conservative length on the cut-wave of a point on the 
fabric that is at a distance d  from the ridge. 

It is easy to derive the mapping of x: 
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(5) 

 
Where 
( ,u v ) - the grid coordinate of the row u and the column v 

of the fabric S; 

xd - the conservative length on the cut-wave of a point on 

the fabric that is at a distance d  from the ridge;  

yd - the height after the generation of the ridge-wave at this 

point; 
m -takes a value of 1 or -1, which is determined by the point 
above or below and the slope of the ridge. 
 

The static shape of the real fabric is closely related to its 
bending properties, drape properties and shearing 
properties. The most important indicators for describing 
the flexibility of fabric is fabric stiffness that has a 
significant linear relationship with the fabric density, 
tightness and yarn twist, and it affects the feel of the fabric. 
For fabric with high stiffness, the cut-wave equation of 
ridge-wave surface has large amplitude in static modeling. 
The most important indicator that affects the drape 
performance and the shear performance of fabric is the 
initial modulus of the fabric.  
 
 

The conservative length of the ridge-wave  
 

The overall area of the fabric surface is unchanged in the 
process of fabric movement or modeling, it’s must follow 
the principle of conservative area, and it can be further 
subdivided into the principle of conservative length and 
width of the fabric, which is one of the key issues to 
guarantee the realistic sense of fabric simulation.  

Each of the fabric’s ridges will lead the "point group" to 
produce a series of displacement changes. In the case where 
the coordinates of a particle is known, the coordinates of 
the next particle is determined by the particle’s coordinates 
and the slope between the two particles, so that the fabric 
will achieve the conservative length operation under the 
condition that the number of meshes is constant, and the 
coordinate calculation formula will be an iterative equation.  



 
 
 
 

 
 

Figure 2: Adjacent two particles on the fabric 
surface. 

 
 

 
 

Figure 3: Slanting ridge of the fabric surface. 

 
 

Assuming that the length of the fabric mesh is 0l , the 

coordinate of a point on the fabric surface is ( , )i ix z , the 

coordinate of the next point on the grid line is 1 1( , )i ix z  , 

as shown in Figure 2, and the slope 
Δ

Δ

z
k tg

x
  . 

According to Pythagorean theorem: 
 

2 2 2
0Δ Δx z l                              (6) 

 
Then: 
 

0

2
Δ

1

l
x

k


                             (7)

 

 

So the grid line coordinates of the next point: 
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Among them, 
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Where  
A determines the height of the ridge-wave; 
σ determines the width of the ridge-wave; 
 determines the displacement of the ridge-wave in the X-

axis offset coordinate origin.

  
 
Angle transformation of ridge-wave 
 
The ridges of the ridge-wave generated by the above 
formula form an angle of ninety degrees perpendicular to 
the weft edge of the fabric. Ridges of real fabrics often form 
a certain angle with the fabric boundaries, as shown in 
Figure 3. 

Assuming that a ridge of fabric and the radial edge of the 

fabric form an   angle, the ridge surface must be 

constructed according to the above formula and rotated 

clockwise by   angle,  that is, multiplied  by the unit  vector  

fabric surface is ( , )i ix z , the coordinate of the next point on the grid line is 

1 1( , )i ix z  , as shown in Figure 2, and the slope 
Δ

Δ

z
k tg

x
  . 

 

Figure 2 . Adjacent two particles on the fabric surface 

According to Pythagorean theorem: 
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Figure 4: Conservative area of the ridge-wave 
surface. 
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Ridge disappears 
 
Ridge usually will not penetrate the fabric ends, but  
gradually disappear inside the fabric, which need to adjust 
the amplitude of the ridge-wave equation to the attenuation 
function, and then the ridge-wave equation to perform 
segmentation processing. Assuming ridge attenuation along 
the Y-axis disappears, the attenuation function A (y) is: 
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Where 

0A -determines the amplitude; 

 -decides the speed of decay;  

0
y is the position where attenuation begins. 

 
 

RESULTS 
 

After    constructing   the   fabric   ridge-wave  equation,   the  
of the static modeling of 80 * 60 fabric is achieved by 
OPENGL / GLUT under the VC development environment in 
the PC. As shown in Figure 4, in before and after the 
formation of ridge-wave surface contrast, the conservative 
area is realized. The ridgelet is used as the minimum unit 
for batch processing display as shown in Figure 5. 

In terms of time performance, the time complexity of the  

 

 
(a) surface modeling  

 
(b) surface simulation 
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algorithm is related to the number of warp and weft meshes 
of the fabric, which is O (in *n), and the algorithm is 
efficient and meets the requirements of real-time 
simulation of the fabric. 
 
 
 
Conclusion 
 
This study discusses the zero curvature model of the elastic 
fabric. The zero curvature modeling is the most important 
method of fabric modeling under the condition of free 
relaxation. The critical factor influencing the shape of zero 
curvature is ridge, which forms a foundation for further 
study by deducing ridge- wave equation and point group 
displacement equation on ridge-wave. As the result, the 
simulated shape is lifelike. In time cost performance, the 
model improves the efficiency of the fabric styling and 
meets the requirements of real-time simulation. The next 
research focuses on the regularity of the ridge generation 
and the interference of ridge. 
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